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2-D elasticityIn this paper, the boundary element method (BEM) based on the elasticity theory is developed for two-
dimensional (2-D) thin-structural problems with thickness-to-length ratio in the micro (106Þ or nano
(109Þ scales. An efﬁcient non-linear co-ordinate transformation, based on the sinh function, is developed
to deal with the troublesome nearly-singular integrals arising in the BEM formulation for thin structures.
The proposed BEM formulation with thin-body capabilities is also extended to the multi-domain prob-
lems and applied to the stress analysis of multilayered coating systems. Promising BEM results with only
a small number of elements are obtained for thin ﬁlms and coatings with the thickness-to-length ratio is
as small as 109, which is sufﬁcient for modeling most thin layered coating systems as used in smart
materials and micro-electro-mechanical systems. The advantages, disadvantages and potential applica-
tions of the proposed method, as compared with the ﬁnite element method (FEM), are discussed in the
last section.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The study of boundary value problems for multilayered coating
systems has received considerable attention in recent years. This
interest is partly related to the extensive use of smart materials
and micro-electro-mechanical systems (MEMSs) in various engi-
neering applications (Bennani and Takadoum, 1999; Liu et al.,
1991; Liu and Fan, 2002a). Thin layers of coating can protect the
tool against adhesion, diffusion and intensive abrasive wear. They
also provide a barrier for the intensive heat ﬂow from the contact
area into the substrate material. Analysis of thin-layered coating
systems is, however, very difﬁcult because the coatings are usually
made in the forms of ultra-thin ﬁlms with the thickness-to-length
ratios in the micro (106Þ or nano (109Þ scales (Hills et al., 2012;
Mugadu and Hills, 2002).
The ﬁnite element method (FEM) (Hughes et al., 2010) has long
been a dominant numerical technique in the simulation of real-
world engineering applications. However, the aspect ratio issues
associated with the FEM when applied to thin structures, as shown
in Gu et al. (2011) and Luo et al. (1998), limit its application. Tomaintain element aspect ratio, a large number of elements must
be discretized, and the procedure therefore requires much prepro-
cessing and CPU time as the thickness decreases. In addition, most
plate and shell theories are based on various assumptions about
the geometry, loading and deformation of the structure, and there-
fore the accuracy and reliability of the FEM for thin structures in
the micro- or nano-scales are in doubt (Luo et al., 1998; Prud-
homme and Oden, 2011). This is especially true for the stress anal-
ysis of thin structures since plate and shell models can not predict
the normal stresses (contact stresses) accurately.
As an alternative approach, the BEM has long been believed to
avoid such drawbacks due to the boundary-only discretizations
and its semi-analytical nature. During the past two decades, this
method has rapidly improved, and is nowadays considered as a
competing method to the FEM (Cheng et al., 2001; Cheng and
Cheng, 2005; Marin, 2009). The major difﬁculty when the tradi-
tional BEM is applied directly to thin-structural problems is the
so-called nearly-singular integrals (Du et al., 2000; Luo et al.,
1998; Mukherjee et al., 2000). In such cases, the collocation point
is very close to, but not on, the element. Theoretically, these inte-
grals are regular since the value of their integrands is ﬁnite. How-
ever, instead of remaining smooth, the integrands may have a very
large yet ﬁnite value as the source point approaches closer to the
element. Consequently, their variation is no longer smooth and
the standard Gauss-quadrature is no longer practical in this case
since a large number of integration points are needed in order to
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effort was devoted to derive convenient integral forms or sophisti-
cated computational techniques for calculating nearly singular
integrals. Most of the work has been focused on the various nonlin-
ear transformations. The methods developed so far include, but are
not limited to, cubic polynomial transformation (Telles, 1987),
sigmoidal transformation (Johnston, 1999), coordinate optimiza-
tion transformation (Sladek et al., 2000), rational transformation
(Huang and Cruse, 1993), and distance transformation (Ma and
Kamiya, 2002). Although great progresses have been achieved for
each of the above methods, a number of drawbacks remains (Luo
et al., 1998, 2000; Niu et al., 2005; Sladek et al., 1993) and mainly
include the fact that some approaches can not provide accurate re-
sults when the thickness of the structure is smaller than 106 and
the others are restricted to a certain kind of integrals and therefore
lack wide applicability. In addition, according to the best knowl-
edge of the authors, very limited effort has been reported in the
BEM literature to address this question regarding the nearly-singu-
lar integrals arising in multilayered coating systems (Zhang et al.,
2011a).
Johnston and Elliott (2005) proposed a non-linear co-ordinate
transformation, named as sinh transformation, to deal with the
nearly-singular integrals over linear geometry elements. The main
idea of this method is to use a sinh function to remove or smooth
out the rapid variation of the nearly-singular kernels. One advan-
tage of this transformation is to automatically incorporate the
position of the nearly singular point into the transformation as well
as the distance from the source point to the element. It is shown
that, as illustrated in Elliott and Johnston (2008), Johnston et al.
(2007) and Johnston and Elliott (2005), this approach is very accu-
rate and, in most cases, superior to most of existing methods in
terms of overall accuracy and stability. In a more recent study
(Gu et al., 2013), the authors of the present paper extended this
method to evaluate nearly-singular integrals over high-order
geometry elements. It is shown that the improved sinh transforma-
tion is independent of structural thickness and can be used for ul-
tra-thin structures (from micro- to nano-scales) without any
difﬁculty.
In this paper, the sinh transformed BEM developed in Gu et al.
(2013) is extended to thin-structural problems and applied to the
stress analysis of multilayered coating systems. The computer pro-
gram in Fortran 90 is developed for general multi-domain prob-
lems and validated using the analytical solution of a special
multi-coating problem. For the test problems studied, very promis-
ing results are obtained when the thickness-to-length ratio of the
coating is in the orders of 106 to 109, which is sufﬁcient for
modeling most thin layered coating systems in the micro- or
nano-scales. The paper is organized as follows: the regularized
indirect boundary element formulation with single-layer potential
is introduced in Section 2; the implementation of the sinh transfor-
mation for 2-D thin structural problems is given in Section 3,
whereas in Section 4 we describe the BEM domain decomposition
approach for the solution of multi-layered elastic problems; and
then two benchmark test problems are examined in Section 5;
ﬁnally, the conclusions and remarks are provided in Section 6.
2. Problem deﬁnition and the regularized indirect BEM
formulation
2.1. Basic equations
In the absence of body forces, the equilibrium equations for the
plane strain elastostatic problem, also known as the Navier equa-
tions, with respect to the displacements uiðxÞ; i ¼ 1;2, can be stated
as:2
1 l
1 2l
 
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subject to the boundary conditions:
uiðxÞ ¼ ui; x 2 CuðDirichlet boundary conditionsÞ; ð3Þ
tiðxÞ ¼ ti; x 2 CtðNeumann boundary conditionsÞ; ð4Þ
where l is the Poisson’s ratio, tiðxÞ denotes the component of
boundary traction in the ith coordinate direction, Cu and Ct con-
struct the whole boundary of the domain X; ui and ti represent
the prescribed displacements and tractions, respectively.
The strains eijðxÞ; i; j ¼ 1;2, are related to the displacement gra-
dients by the kinematic relations:
eijðxÞ ¼ 12
@uiðxÞ
@xj
þ @ujðxÞ
@xi
 
ð5Þ
and the stresses rijðxÞ; i; j;¼ 1;2, are related to the strains through
the Hooke’s law by:
rijðxÞ ¼ 2G eijðxÞ þ l1 2lekkðxÞdij
 
; ð6Þ
where dij is the Kronecker delta, G is the shear modulus. The cus-
tomary standard Euler notation for summation over repeated sub-
scripts is used. The boundary tractions tiðxÞ; i ¼ 1;2, are deﬁned in
terms of the stresses as
tiðxÞ ¼ rijðxÞnjðxÞ; x 2 C; ð7Þ
where njðxÞ is the direction cosine of the unit outward normal vec-
tor at the point x.
In our formulation, we present the solution of the displace-
ments in the form of a single-layer potential with unknown density
/j (Banerjee, 1994; Cruse, 1988), i.e.,
uiðyÞ ¼
Z
Cx
Uijðy; xÞ/jðxÞdCx þ Ci; ð8Þ
where
Uijðy; xÞ ¼ 18pGð1 lÞ ð3 4lÞ ln
1
r
 
dij þ @r
@yi
@r
@yj
( )
ð9Þ
is the Kelvin fundamental solutions, x 2 @X and y 2 X ¼ X [ @X
stand for the source and ﬁeld points, respectively, r is the distance
between the source point and ﬁeld point, /jðxÞ presents the density
function to be determined. The constant Ci arises from the fact that
Uijðy; xÞ does not vanish when r !1. To guarantee the uniqueness
of the solution we must ensure that the constants Ci are determined
to satisfy the auxiliary relationZ
Cx
/jðxÞdCx ¼ 0: ð10Þ
The fundamental solutions (9) used in this paper indicate the dis-
placement produced at the point y by a concentrated unit body
force applied at the point x, in which the ﬁrst subscript (iÞ denotes
the direction of the displacement whereas the second one ðjÞ the
direction of the unit force.
The corresponding traction and stress ﬁelds are given by
tiðyÞ ¼
Z
Cx
Tijðy; xÞ/jðxÞdCx; ð11Þ
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respectively, where (Banerjee, 1994)
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It should be noticed that due to the properties of the singular-
layer potential, the displacement ﬁeld expressed by Eq. (8) is con-
tinuous throughout the domain as well as across the boundary. The
surface traction (11), however, undergoes a discontinuity across
the boundary. On the internal side of C, indicated by the direction
of the normal vector,
tiðyÞ ¼ 12/iðyÞ þ
Z
Cx
Tijðy; xÞ/jðxÞdCx; y ! Cþ; ð15Þ
whereas on the external side of C,
tiðyÞ ¼ 12/iðyÞ þ
Z
Cx
Tijðy; xÞ/jðxÞdCx; y ! C: ð16Þ2.2. Regularized boundary integral equation for boundary tractions
In the integrand of Eq. (11) appears the term Tijðy; xÞ which
diverges like 1= y  xj j as y ! x and must therefore be treated judi-
ciously when employing numerical quadrature. Reducing the order
of the singularity prior to discretization is an effective approach
and results in improved accuracy regardless of the choice of quad-
rature scheme. First, we recall the following limit theorem to be
used in the remainder of the paper.
Lemma 1 Zhang et al., 2011b. Let C be a piecewise smooth curve, x^
be any point on C, and wðÞ 2 C0;aðCÞ be a well-behaved function.
Suppose
h ¼ y  x^j j; d ¼ inf
x2C
y  xj j;
then if
h=d 6 K1ðK1 is constant), there holds (k; l ¼ 1;2Þ
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Z
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Z
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following equivalent form
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Z
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Z
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Z
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where x^ 2 C be any point on the boundary, and
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Taking the limit as the point y approaches x^ 2 C and using Lemma 1,
Eq. (18) can be rewritten as
tiðx^Þ ¼ /iðx^Þ þ
Z
Cx
/jðxÞ  /jðx^Þ
 
Tijðx^; xÞdCx þ /jðx^Þ

Z
Cx
Tijðx^; xÞ þ Tijðx; x^Þ
 
dCx ð21Þ
for interior problems and
tiðx^Þ ¼
Z
Cx
/jðxÞ  /jðx^Þ
 
Tijðx^; xÞdCx þ /jðx^Þ

Z
Cx
Tijðx^; xÞ þ Tijðx; x^Þ
 
dCx ð22Þ
for exterior problems. The above two Eqs. (21) and (22) constitute a
compatibility relation between the boundary values of ti and the
unknown density /j. At the same time, Eqs. (21) and (22) can be
viewed as the integral equations on the boundary C, that is the
boundary integral integrals (BIEs), with unknown the density which
needs to be determined by prescribed boundary conditions.
We can observe from Eqs. (21) and (22) that the 1= x^ xj j diver-
gence of the kernel is now removed or smoothed out by the
relative quantity /jðxÞ  /jðx^Þ
 
and njðx^Þ  njðxÞ
 
. The whole inte-
gral, therefore, is more amenable for numerical integration and can
be accurately calculated by using the standard Gaussian quadra-
ture. While this reduction technique is similar to that for the dou-
ble-layer integral (Keaveny and Shelley, 2011; Power and Miranda,
1987), the resulting form of the integrand is quite different. The
most striking difference is the use of the limit theorem (Lemma
1) as oppose to use the jump property of the surface traction across
the boundary (Karami and Derakhshan, 1999; Ma and Korsunsky,
2004; Padhi et al., 2001; Sladek and Sladek, 1998).
It is also notice that the integral in displacement BIEs (8) has
logð1=rÞ singularity, i.e.,
I ¼
Z 1
1
JðnÞNiðnÞ log rðnÞdn; ð23Þ
where n is the local intrinsic coordinate which transforms the inte-
gral so that it is mapped onto the interval [-1,1], JðnÞ denotes the
Jacobian of the transformation, Ni are the shape functions. For a
quadratic element, the Jacobian is a non-rational function and can
be represented as JðnÞ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp4ðnÞp , where p4ðnÞ is a fourth-order poly-
nomial. Existence of the square root function in the Jacobian in Eq.
(23) makes exact integration difﬁcult. Alternatively, we can rewrite
Eq. (23) in the following equivalent form
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Z 1
1
f ðnÞ log rðnÞdn
¼
Z 1
1
f ðnÞ  f ðgÞ½  log rðnÞdnþ JðgÞ
Z 1
1
log rðnÞdn; ð24Þ
where f ðnÞ ¼ JðnÞNiðnÞ;g 2 ð1;1Þ denotes the intrinsic coordinate
of the ﬁeld point y. When x! y, i.e., n! g, the divergence of the
ﬁrst right hand side integral is removed by the relative quantity
f ðnÞ  f ðgÞ½ , and consequently, the integral can now be accurately
calculated using the standard Gauss quadrature. The second right
hand side integral can be evaluated straightforward using the basic
integral formulation. Interested readers can also refer to literature
(Padhi et al., 2001) for the semi-analytic integration of this kind
of integral, where the term JðnÞ log rðnÞ is ﬁrst expanded in a Taylor’s
series and then the whole integral is evaluated using the basic inte-
gral formulas.
The remaining concerns with the applications of the BIEs to
thin-structural problems are how to deal with the nearly-singular
integrals arising in such applications and what the advantages are
when this BEM approach is compared with the FEM. These issues
are addressed in the following sections.2x
o
1x
y
bΩ
1−
0
1
ξ
η
1x
2x
3xParabolic element 
Boundary segment 
Fig. 1. Collocation point y near the integration element.3. The regularization of nearly-singular integrals by sinh
transformation
It is well-known that the conventional BIEs using the standard
Gaussian quadrature fails to yield reliable results for thin-struc-
tural problems. The major reason for this failure is that the conven-
tional BIE not only includes singular integrals but also presents
various orders of near singularities, owning to the mesh on one
side of the boundary being too close to the mesh on the opposite
side. In addition, the calculation of nearly singular integrals is also
inevitable for interior points since almost all the interior points of a
thin body are very close to the boundary. Other than the nearly sin-
gular integrals, many direct and indirect algorithms for singular
integrals have been developed and used successfully (Guiggiani
and Casalini, 1987). Thus, the key point in achieving the required
accuracy and efﬁciency is not the singular but the nearly-singular
integral.
The nearly-singular integrals encountered in 2D boundary ele-
ment method can always be expressed as the following generalized
forms
I1 ¼
Z
Ce
f ln rdC ¼ 1
2
Z 1
1
JðnÞf ðnÞ ln r2dn; ð25aÞ
I2 ¼
Z
Ce
f
1
r2a
dC ¼
Z 1
1
JðnÞf ðnÞ 1
r2a
dn; ð25bÞ
where a > 0; n 2 1;1½  represents the intrinsic coordinate, JðnÞ is
the Jacobian of the transformation from the geometry element Ce
to the line interval [-1,1], f denotes a low-order polynomial includ-
ing a shape function to interpolate the solution and ones that arise
from taking the derivative of the boundary element kernel.
Assume the geometry segment is approximated by a continuous
parabolic element, which has three knots, two of which are placed
at the extreme ends and the third somewhere in-between, usually
at the midpoint. Also assume that x1 ¼ ðx11; x12Þ and x2 ¼ ðx21; x22Þ are
the two extreme points of the element Ce, and x3 ¼ ðx31; x32Þ is the
in-between one, and then the coordinates of any point
xðx1ðnÞ; x2ðnÞÞ on a parabolic element can be expressed as
xkðnÞ ¼ N1ðnÞx1k þ N2ðnÞx2k þ N3ðnÞx3k ; k ¼ 1;2; ð26Þ
where N1ðnÞ ¼ nðn 1Þ=2;N2ðnÞ ¼ nðnþ 1Þ=2 and N3ðnÞ ¼
ð1 nÞð1þ nÞ denote the shape functions of parabolic elements.The distance square r2 from the source point to calculation point,
as illustrated in Gu et al. (2013), can be expressed as
r2 ¼ x yj j ¼ ðxkðnÞ  ykÞðxkðnÞ  ykÞ ¼ ðn gÞ2gðnÞ þ b2; ð27Þ
where g stands for the position of the projection of the nearly sin-
gular point (see Fig. 1), b denotes the shortest distance from the cal-
culation point to the element, and
b ¼ xkðgÞ  yk; ð28aÞ
gðnÞ ¼ 1
4
s2kðnþ gÞ2 þ 2skwkðnþ gÞ þw2k
h i
þ skb; ð28bÞ
sk ¼ x1k  2x3k þ x2k ; ð28cÞ
wk ¼ x2k  x1k : ð28dÞ
From Eq. (27) and note that b is the shortest distance from the
calculation point to the boundary element, we have
ðn gÞ2gðnÞP 0, i.e., gðnÞ is a non-negative function. The detailed
derivation of above Eqs. (27) and (28) as well as the way how to
determine the value of g can be found in Ref. Gu et al. (2013).
Using the procedure described above, the nearly singular inte-
grals (25) over a parabolic element can be rewritten as
I1 ¼
Z
Ce
f ln rdC ¼ 1
2
Z 1
1
JðnÞf ðnÞ ln ðn gÞ2gðnÞ þ b2
h i
dn; ð29aÞ
I2 ¼
Z
Ce
f
r2a
dC ¼
Z 1
1
JðnÞf ðnÞ 1
ðn gÞ2gðnÞ þ b2
h ia dn: ð29bÞ
For evaluating the nearly singular integral of these types, John-
ston and Elliott (2005) suggested a change of integration variable
using a sinh function with the form of
n ¼ gþ b sinhðk1t  k2Þ; ð30Þ
where k1 and k2 are chosen such that the transformation maps
½1;1 onto ½1;1 so that the Gaussian-quadrature can be applied
in a straightforward fashion to the transformed integral. Evaluating
k1 and k2 yields
k1 ¼ 12 arcsin h
1þ g
b
 
þ arcsinh 1 g
b
  
; ð31aÞ
k2 ¼ 12 arcsin h
1þ g
b
 
 arcsinh 1 g
b
  
ð31bÞ
and the Jacobian of transformation (30) is given by
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dt
¼ bk1 coshðk1t  k2Þ: ð32Þ
Substituting the transformation (30) into the integrals (29) yields
I1 ¼ bk12
Z 1
1
f ðtÞJðtÞ coshðk1t  k2Þ
 ln b2 sinh2ðk1t  k2ÞgðtÞ þ 1
h in o
dt; ð33aÞ
I2 ¼ k1
b2a1
Z 1
1
f ðtÞJðtÞ coshðk1t  k2Þ
sinh2ðk1t  k2ÞgðtÞ þ 1
h ia dt; ð33bÞ
in which the original nearly-singular kernels ln 1=rð Þ and 1=r have
been transformed into the well-behaved functions
ln b2 sinh2ðk1t  k2ÞgðtÞ þ 1
h in o
and 1= sinh2ðk1t  k2ÞgðtÞ þ 1
h i
,
respectively. Note that the value of sinh2ðk1t  k2ÞgðtÞ þ 1
n o
is al-
ways greater than 1 since gðtÞ is a non-negative function as men-
tioned above. Thus the sinh transformation has the effect of
transforming an oscillating integrand to a smoother one. The trans-
formed integrals (33), therefore, can now be accurately computed
by using the standard Gaussian-quadrature without any difﬁculty.
Several other important points for the sinh transformation de-
serve mention:
(1) As can be seen in Eq. (33), there is no difﬁculty at all in
obtaining an accurate solution of the transformed integral,
no matter how close the calculation point y is to the ele-
ment, i.e., the transformation is independent of the thickness
of the structure.
(2) No CPU-time penalty is incurred in using this non-linear
transformation, since the transformed integrals can be com-
puted almost exactly with only a few Gaussian points. In
fact, we ﬁnd that 8- or 10-points Gaussian quadrature is
good enough to evaluate it accurately.
(3) It is not necessary to apply the transformation to all the
boundary elements, but only to the element that the projec-
tion of the collocation point located on, as illustrated in
Fig. 2.
4. The BEM formulation for multi-coating systems
In the following, the BEM formulation for general 2-D multi-
coating systems is developed. One way to model such problems
is to use the multi-domain boundary element method (MDBEM).
The basic idea behind the MDBEM is that the whole domain of con-
cern is broken up into separate sub-domains and the ﬁnal system
of equations is formed by assembling boundary element formula-
tions written for each subdomain, based on the compatibility ofCollocation point 
( )ηx
element does not need transformation 
element needs transformation 
Projection point 
Fig. 2. Sketch of a 2-D thin-walled structure.displacements and equilibrium of tractions at adjacent common
interface nodes. Since MDBEM can deal with multi-material prob-
lems and result in a system with a blocked sparse coefﬁcient ma-
trix, it has been extensively used in past decades to solve various
engineering problems (Gao et al., 2007; Papadrakakis et al.,
2011). The main idea of this method is summarized hereafter.
More details can be found in Zhang et al. (2011a).
Fig. 3 shows an elastic body coated with n elastic layers. The
state of deformation for the coating system is plane strain, so that
the whole system could be considered in two dimensions. This
assumption holds well for line contacts, such as those which arise
in gears and roller bearings. The boundary and/or interface condi-
tions for each layer can be written as follows:
(1) On the external surface of a coating layer, the traction must
be given, such as:InterfTn ¼ pn; Tt ¼ pt ; ð34Þ
where Tn and Tt are the normal and tangential components of the
traction, pn and pt the applied loads in the normal and tangential
direction, respectively. In addition, the coating system should be
constrained, with speciﬁed displacement, at some other locations
on the boundary.
(2) For a well-posed boundary value problem, there is only one
unknown (either T or UÞ at each nodal point on the bound-
aries. However, along the interface CI between jth and
jþ 1th layers, both T and U are unknowns. To solve the prob-
lem numerically, there will be the same number of algebraic
equations as the unknowns. Therefore, the following conti-
nuity conditions at the interface must be considered:TIn ¼ TjIn ¼ Tjþ1In ; TIt ¼ TjIt ¼ Tjþ1It ; ð35aÞ
UIn ¼ UjIn ¼ Ujþ1In ; UIt ¼ UjIt ¼ Ujþ1It ; ð35bÞ
where the subscript (In) indicates interface (I) and normal (n) com-
ponent, and subscript (It) indicates interface (I) and tangential (t)
direction.
First, the two layers j and jþ 1 with interface CI, as illustrated in
Fig. 3, are analyzed. For the jth layer one has the following discret-
ized form of the BIEs:
Gj
h i /jn o
/jI
n o
0
B@
1
CA ¼ Ujn o; GjIh i /
j
n o
/jI
n o
0
B@
1
CA ¼ UjIn o; ð36aÞ
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Fig. 3. Coordinates and notation for the multi-coated elastic solids.
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Fig. 4. Cross-section of a shaft with two layers of coatings.
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j
I and /
j
I denote the interface displacements, tractions,
and density functions of layer j on the interface CI;U
j; Tj and /j
the displacements, tractions, and density functions of layer j on
the remaining surfaces.
Similarly, for the ðjþ 1Þth layer, we have:
Gjþ1
h i /jþ1n o
/jþ1I
n o
0
B@
1
CA ¼ Ujþ1n o; Gjþ1Ih i /
jþ1
n o
/jþ1I
n o
0
B@
1
CA ¼ Ujþ1In o;
ð37aÞ
Hjþ1
h i /jþ1n o
/jþ1I
n o
0
B@
1
CA ¼ Tjþ1n o; Hjþ1Ih i /
jþ!
n o
/jþ1I
n o
0
B@
1
CA ¼ Tjþ1In o;
ð37bÞ
where Ujþ1; Tjþ1 and /jþ1 denote the displacements, tractions, and
density functions of layer jþ 1 on the external surface, Ujþ1I ; Tjþ1I
and /jþ1I the interface displacements, tractions, and density func-
tions of layer jþ 1 on the interface CI .
We here suppose that the traction boundary conditions are pre-
scribed on the external surfaces of Cj, and the displacement bound-
ary conditions are prescribed on the external surfaces of Cjþ1.
According to the equilibrium and compatibility conditions (35) at
the interface, one has the following relations at the interface CI:
UjI ¼ Ujþ1I ; TjI ¼ Tjþ1I : ð38Þ
Hence, Eqs. (36) and (37) can be coupled as:
Hj
h i
0½ 
GjI
h i
 Gjþ1I
h i
HjI
h i
Hjþ1I
h i
0½  G2
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n o
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n o
0
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1
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n o
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n o
0
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1
CA
2
666666664
3
777777775
¼
Tj
n o
f0g
f0g
Ujþ1
n o
2
666664
3
777775: ð39Þ
More equations will be added to this system in a similar way for
other layers and the substrate. The system still needs to be reor-
dered according to the prescribed displacement and traction
boundary conditions. The system of Eq. (39) can be solved simulta-
neously for the boundary and interface unknowns. Note that for
the jth and jþ 1th layers the coefﬁcient matrices H½  and G½  in
above equation are evaluated using the proposed sinh transformed
BEM formulation, which can handle the nearly-singular integrals
accurately for thin-structural problems.
5. Numerical results and discussions
To verify the BEM formulation developed above, two bench-
mark multi-coating systems are well studied, for which the BEM
results are compared with the exact solutions and/or results ob-
tained in Refs. Luo et al. (2000) and Zhang et al. (2011a). The
numerical values obtained will be compared to exact values (if it
is available) in terms of the relative error deﬁned by
Relative Error ¼ 1
M
XM
k¼1
Iknumerical  Ikexact
Ikexact
 !224
3
5
1=2
; ð40Þ
where Iknumerical and I
k
exact denote the numerical and analytical solu-
tions at the kth calculation point, respectively.
5.1. A circular shaft with two layers of coatings
As illustrated in Fig. 4, a circular shaft with two layers of coat-
ings is studied ﬁrst, which is the example used in Ref. Luo et al.(2000). The layers of coatings consist of different materials
(Young’s modulus of outside-coating/Young’s modulus of inner-
coating = 1/2 and Poisson ratio of outside-coating = Poisson ratio
of inner-coating = 0.2). It is assumed here that the coatings are free
to expand laterally except at the interface to the rigid shaft, but are
constrained axially so that a condition of plane strain relative to
x1  x2 plane exists. The shaft and the two coatings have outer radii
r1; r2 and r3, respectively. The thickness of inner-coating
hc1 ¼ r2  r1=1.1  1.0 m = 0.1 m, which is constant in this study,
while the thickness of outside-coating hc2 changes from 1 m to
1:0 109 m (1 nm), compared with hc2 changes from 1:0 101
to 1:0 104 studied in Luo et al. (2000). Also it is assumed that
the coating system is loaded by a uniform pressure p ¼ 1 which
is distributed around the circumference of the outside-coating.
The boundary conditions for the displacement, considering the
rigid shaft assumption, are ur ¼ uh ¼ 0 for all nodes at the shaft-
coating interface.
In the BEM model, a total of 40 quadratic boundary elements
are used to model this coating system, regardless of the thickness
of the coatings. Note that only 90 nodes are needed in modeling
the whole system since the nodes over the interfaces are shared
by both coatings.
Here the thickness of the outside-coating changes from 1 m to
1:0 109 m (1 nm). Fig. 5 illustrates the radial stress (rrÞ distribu-
tion at points Aððr2 þ r3Þ=2; 0Þ and Bððr1 þ r2Þ=2; 0Þ, respectively. It
can be seen that the BEM predictions are excellently consistent
with the analytical solutions, even in the very unfavorable compu-
tational condition hc2 ¼ 1:0 109, i.e., when the thickness of the
outside-coating is in the order of 1 nm. The results clearly demon-
strate the validity of the developed BEM for multi-coating prob-
lems. Again, it is noted that the number of BEM nodes does not
change across the entire range of thickness ratio. The solution time
and memory requirements are therefore quite modest. In this case,
the average CPU-times required for the BEM model are 1.58 s. The
FEM solution, however, demonstrates a very different behavior.
The number of FEM elements, as has already illustrated in Refs.
Liu and Fan (2002b) and Luo et al. (2000), increases rapidly for this
thin-coated system due to aspect ratio limitations, and conse-
quently, the FEM eventually becomes infeasible due to memory
constraints. In a sharp contrast, the proposed BEM procedure does
not require a reﬁned mesh and can continue to provide accurate
results for hc2 ¼ 1:0 109 without any difﬁculty. Similar results
have also been obtained for tangential stresses (rhÞ, as illustrated
in Table 1. In Figs. 6 and 7, we have depicted the magnitude of ra-
dial and tangential stress predictions inside the whole domain for
different outside-coating thicknesses. Taking advantage of the geo-
metrical symmetry, only one-quarter of the domain is considered.
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Fig. 5. Radial stress rr distribution at points A and B with different outside-coating thicknesses.
Table 1
Tangential stress (rhÞ predictions at points A and B for different outside-coating thicknesses.
hc2 Tangential stress rh at point A Tangential stress rh at point B
Analytical solution BEM solution Relative error Analytical solution BEM solution Relative error
1.0E00 6.451600E1 6.451487E1 1.749632E5 4.097134E1 4.096962E1 4.211988E5
1.0E01 3.429047E1 3.428795E1 7.342585E5 3.229134E1 3.228880E1 7.863510E5
1.0E02 2.985898E1 2.988286E1 7.998466E4 3.066371E1 3.060822E1 1.809650E3
1.0E03 2.940178E1 2.937607E1 8.745259E4 3.048898E1 3.048094E1 2.636936E4
1.0E04 2.935593E1 2.938818E1 1.098767E3 3.047138E1 3.046695E1 1.453952E4
1.0E05 2.935134E1 2.931822E1 1.128370E3 3.046962E1 3.046520E1 1.450578E4
1.0E06 2.935088E1 2.931120E1 1.351741E3 3.046944E1 3.046502E1 1.451468E4
1.0E07 2.935083E1 2.931053E1 1.373160E3 3.046943E1 3.046500E1 1.451578E4
1.0E08 2.935083E1 2.931041E1 1.377267E3 3.046943E1 3.046500E1 1.451514E4
1.0E09 2.935083E1 2.931054E1 1.372781E3 3.046943E1 3.046500E1 1.452135E4
(a) Outside-coating thickness 12 10ch −=
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Fig. 6. Radial stress rr distribution inside the domain for: (a); and (b).
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Fig. 8. A two-layer coating system under uniform load.
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-1
-0.9
-0.8
-0.7
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
0
Analytical solution for points in
outside-coating
BEM solution for points in
outside-coating
Analytical solution for points in
inside-coating
BEM solution for points in
inside-coating
Coordinate x
N
or
m
al
 st
re
ss
 
Fig. 9. Normal stress (ryy) distributions at interior points inside the outside and inside coatings.
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Fig. 10. Shear stress (sxy) distributions at interior points inside the outside and inside coatings.
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Fig. 11. Normal stress (ryy) predictions at interior points located in the outside-coating.
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As a further illustration we consider a symmetric two-layer
coating system under a uniformly distributed load p of half-width
A, which is the example used in Refs. Luo et al. (2000) and Zhang
et al. (2011a). As shown in Fig. 8, hc1 is the thickness of the outside
coating, hc2 the thickness of the inside coating, hs the substrate
height, L the structure length. In this example, Ec1 denotes the
Young’s modulus of outside coating, Ec2 Young’s modulus of inside
coating, and Es Young’s modulus of the substrate. It is assumed that
the structure length, the contact half width and the Poisson’s ratio
of coatings and substrate are ﬁxed (h ¼ hs þ hc1 þ hc2 ¼ 20 mm;L ¼
20 mm;A ¼ 1 mm;v ¼ 0:3Þ, while the coating thickness changes
from 1 mm to 1 lm. Because the dimensions of the whole system
(h = 20 mm, L = 20 mm) are large compared with the dimensions of
the loading area (A ¼ 1 mmÞ, analytical solution of the internalstresses may be calculated to good approximation by considering
the whole system as an elastic half-space, when the materials of
the coatings and substrate are the same (Johnson, 1985; Luo
et al., 2000).
The points C and D, as shown in Fig. 8, are points corresponding
to the edge of the distributed load at the outside coating and inside
coating, respectively. When the coatings are very thin, the normal
stresses (ryyÞ at these two points approach p=2, while the shear
stresses (sxyÞ approach p=p if the coatings and substrate materials
are the same (Johnson, 1985). This can be used to check the validity
of the BEM solutions when analytical solutions are not available for
different coating/coating/substrate material combinations.
In the following two cases, the outside surfaces and interfaces of
the BEM model are discretized with 100 and 120 elements, respec-
tively. Note that no re-meshing is done when the thickness of coat-
ings changes from 1 mm to 1 lm. The average CPU-times required
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Fig. 12. Shear stress (sxy) predictions at interior points located in the outside-coating.
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Fig. 13. Normal stress (ryy) predictions at interior points located in the inside-coating.
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coatings.
(a) Internal stress with same coating materials
First, it is assumed that the thickness of both coatings is kept as
0:1 mm, and consider the case that both coatings are composed of
the same materials as the substrate for which the analytical solu-
tion exists, see Ref. Johnson (1985). Actually, in this special case,
the stresses in thin layers are in fact the stress components in
the single material. The multi-domain BEM is applied here simply
to obtain these stresses inside this single material domain, in order
to compare with the analytical solution.
Fig. 9 illustrates the normal stress (ryyÞ distribution at interior
points along the lines ðx; hc1=2Þ (points in the outside-coating)
and ðx; hc1 þ hc2=2Þ (points in the inside-coating). Fig. 10 shows
the shear stress (sxyÞ distributions at the same set of interior points.
It can be seen that the stress results predicted by using theproposed BEM algorithm are in quite good agreement with the
analytical solutions. Also it is noted that the normal stresses on
point C and D are close to p=2, while the peak values of the shear
stresses are very close to p=p. These results demonstrate that the
BEM solution is extremely accurate, which veriﬁes again the accu-
racy of the non-linear transformation and the multi-domain BEM
formulation developed in this paper.
(b) Internal stress with different materials and coating
thicknesses
Following, consider the case that both coatings and substrate
are composed of the different materials. The Young’s modulus ra-
tios of coatings and substrate are kept as Es=Ec1=Ec2 ¼ 1=4=2. The
thicknesses of both coatings change from 1 mm to 1 lm. Figs. 11
and 12 show the normal and shear stress distributions at interior
points along the line ðx; hc1=2Þ, respectively. Figs. 13 and 14 illus-
trate the stress distributions at interior points along the line
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Fig. 14. Shear stress (sxy) predictions at interior points located in the inside-coating.
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stress (ryyÞ distribution is closer and closer to the loading distribu-
tion even if the materials of the coatings and substrate are different
from each other, while the shear stresses near the edge of the load-
ing exhibit a rapid transition as observed in Figs. 12 and 14. This
rapid rise near the loading edge is similar to that in the same mate-
rial case, see Fig. 10. The obtained stress distribution also agrees
well with the distribution illustrated in Refs. Luo et al. (2000)
and Zhang et al. (2011a).
6. Conclusions
The applicability of the boundary integral equations for 2-D
elasticity problems to the analysis of multilayered coating systems
is investigated in this paper. It is shown that the BEM formulation,
with proper treatment of the nearly-singular integrals, can deal
with ultra-thin structures very efﬁciently and accurately. Com-
pared with earlier analytical methods and the FEM, the developed
BEM has the following advantages:
1. Due to the surface-only discretization, the BEM can model any
kind of coating systems without limitations on the geometry.
The BEM meshes use fewer elements and therefore less compu-
tation time and memory are required. With nearly-singular
integrals evaluated efﬁciently, the BEM can deal with thin
structures with thin shapes, even if they have micro- or nano-
scale thickness, using only a few elements. More importantly,
no or less re-meshing is needed when the coating thickness is
changed, and so a systematic optimization of coating thickness
is much easier and faster than that by the FEM.
2. The developed BEM approach has the potential to be a very
promising choice for interfacial crack analysis. If cracks exist
at the interface, the stress distribution will change dramatically,
especially near the cracks. Although the FEM can be applied,
theoretically, to interface crack analysis of structures with arbi-
trary geometry, difﬁculties still exist in modeling interface
cracks by the FEM for multi-coating systems (Luo et al., 2000).
The major difﬁculty is that a large number of elements must
be used in the domain close to the crack to capture the rapid
stress changes. The conventional boundary element method,
also, cannot be applied readily to such problems, because ofthe nearly-singular integral problem. With nearly-singular inte-
grals evaluated efﬁciently, the BEM approach developed in this
paper provides a well-studied method to model interface cracks
in multi-coating systems. Detailed study on the interface cracks
using the developed BEM is already underway and will be
reported in another paper.
There is, however, one major drawback regarding the computa-
tional efﬁciency of the proposed BEM approach. At present, the
BEM is usually less efﬁcient than the FEM in 3-D structural analy-
sis, i.e., it takes longer to run a boundary element analysis. In con-
trast, the FEM modeling will be much easier and convenient than
the BEM modeling for 3-D structures, since the widely available
automatic meshing capabilities in various FEM packages.
Finally, it must be pointed out that the proposed BEM approach
to thin structural problems should be considered as a complement
to the FEM in the structural analysis. For structures that can be
identiﬁed clearly as shells or bulky solids, the corresponding FEM
should be used because of the efﬁciency FEM delivers. For thin
structures where the solid models are difﬁcult to obtain, the BEM
approach can be used as an alternative, especially when high accu-
racy is desired, as in benchmarks.
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